For two r-graphs T and H, let ex(n, T , H) be the maximum number of copies of T in an n-vertex H-free r-graph. In this paper, using the random algebraic method, we prove that if s is sufficiently larger than t, then
where T is an r-graph with v vertices and e edges. In particular, when T is an edge or a complete bipartite r-graph, we can determine their asymptotics. We show that if s is sufficiently larger than t, then ex(n, K 
Introduction
In this paper, when we talk about an r-graph, we always mean an r-uniform hypergraph. Let H be an r-graph, an r-graph G is called H-free if G contains no copy of H as its subhypergraph. Let ex(n, T , H) be the maximum number of copies of T in an n-vertex H-free r-graph. In particular, if T is a single edge, then ex(n, T , H) converts to the classical Turán number ex(n, H).
The study of Turán number plays an important role in extremal graph theory. One of the oldest results on Turán number, which states that every graph on n vertices with more than n 4 edges contains a triangle, was proved by Mantel [23] in 1907. This result was generalized later to K l -free graphs by Turán [27] . Furthermore, the Erdős-Stone theorem is an asymptotic version of Turán theorem, which gives the bound for the number of edges in an H-free graph, where H is a non-complete graph. It is named after Paul Erdős and Arthur Stone, who proved it in 1946 [14] . It has also been described as the "fundamental theorem of extremal graph theory" [5] . However, the determination of the exact asymptotic results for ex(n, H) is far from being solved when H is a bipartite graph. One of the important objects is the complete bipartite graph K s,t . A well-known result of Kövari, Sós and Turán [21] showed that ex(n, K s,t ) = O(n 2−1/s ) for any integers t > s. When s = 2, 3, Erdős, Rényi and Sós [13] and Brown [6] showed the matched lower bound respectively. For general values of s and t, Kollár, Rónyai, Szabó [20] first showed that ex(n, K s,t ) = Ω(n 2− 1 s ) when t s! + 1 and then this condition was improved to t (s − 1)! + 1 by Alon, Rónyai and Szabó [1] . Recently, using the random algebraic method, Bukh [8] gave a new construction of K s,t -free graphs which also yields the matched lower bound ex(n, K s,t ) = Ω(n 2− 1 s ), where t is sufficiently larger than s. On the contrary to the simple graph case, there are only a few results for the hypergraph Turán problems. For example, even the asymptotic value of ex(n, K (r) t ) is still unknown for any t > r 3. In addition to complete r-graphs, some other objects were studied recently. Let K (r) s 1 ,s 2 ,...,sr be a complete r-partite r-graph, Mubayi [24] conjectured that ex(n, K (r)
s i ), where s 1 s 2 · · · s r . In the same paper, the author proved this conjecture when s 1 = s 2 = · · · = s r−2 = 1 and (i) s r−1 = 2, s r 2, (ii) s r−1 = s r = 3, (iii) s r−1 3, s r > (s r−1 − 1)!. Using random algebraic method, Ma, Yuan and Zhang [22] showed that if s r is sufficiently larger than s 1 , s 2 , . . . , s r−1 , then this conjecture is true.
For the function ex(n, T , H), where T is not an edge, there are only sporadic results. When r = 2, it converts to the classical generalized Turán number ex(n, T, H), where H and T are graphs. In [2] , Alon and Shikhelman studied ex(n, T, H) systematically and obtained many results on certain graphs such as complete graphs, complete bipartite graphs and trees. Later, Ma, Yuan and Zhang [22] improved some of their results. They showed that for any positive integers a < s, b s and t f (a, b, s), ex(n, K a,b , K s,t ) = Θ(n a+b− ab s ). In the same paper, they also provided some bounds for ex(n, H, K (r) s 1 ,s 2 ,...,s r−1 ,sr ) under certain conditions. For more extremal results of graphs and hypergraphs, we refer the readers to the surveys [17, 18, 19] .
In 2004, Mubayi and Verstraëte [25] considered the complete bipartite r-graphs. Definition 1.1. Let X 1 , X 2 , . . . , X t be t pairwise disjoint sets of size r − 1, and let Y be a set of s elements, disjoint from
s,t denotes the complete bipartite r-graph with vertex set (
In [25] , Mubayi and Verstraëte showed some bounds for ex(n, K (r) s,t ) when s < t. They showed ex(n, K 
Note that K t,s are nonisomorphic when r 3 and s = t. The authors in [25] said their results apply to both cases, so for simplicity they let t s. In this paper, we focus on the other case s > t and r 3.
Our first result gives a lower bound for ex(n, T , K
s,t ) shown in the following theorem, where T is an arbitrary r-graph. Theorem 1.2. For any positive integer t, and any r-graph T with v vertices and e edges, there exists some constant c which depends on r and t, if s c, then we have
To obtain the lower bound in Theorem 1.2, our construction of K (r) s,t -free r-graphs is based on random algebraic method which was introduced by Bukh [8] . Using random algebraic method, Bukh and Conlon [9] verified the rational exponent conjecture which was presented in [11] . In recent years, the applications of random algebraic method to various extremal problems have appeared in several papers [10, 16, 22] . Let T in Theorem 1.2 be an edge. Combining Theorems 1.2 and 1.3, we can obtain the following asymptotic order for Turán number of complete bipartite r-graphs. Corollary 1.4. For any positive integer t, there exists some constant c r,t which depends on r and t, when s c r,t , we have ex(n, K (r)
If T is a complete bipartite r-graph K (r) a,b , where a < s and b < t, then we obtain the asymptotic bound for generalized Turán number ex(n, K 
Note that when r = 2, Alon and Shikhelman [2] showed that ex(n,
and s t, while Ma, Yuan and Zhang [22] improved it by weakening the relations between a, b and t, at the cost of requiring s to be even larger. Hence our results can be viewed as the generalization from complete bipartite graphs to complete bipartite r-graphs.
In addition to the results mentioned above, we improve the previous best known lower bound for an isolated case.
2,2,7 )
The best known lower bound ex(n, K
2,2,7 ) = Ω(n 73 27 ) is obtained by probabilistic methods. Theorem 1.6 improves this by an explicit construction.
The rest of this paper is organized as follows. In Section 2, we focus on the complete bipartite r-graphs. First we prove Theorem 1.2 via a random algebraic construction. Then we give some general upper bounds to derive Corollary 1.4 and Theorem 1.5 in Section 3. In Section 4, we provide a new lower bound for ex(n, K (3) 2,2,7 ). Section 5 contains some remarks and the remaining problems on the main topics.
Constructions for K (r)
s,t -free r-graphs, s > t
In this section, our goal is to prove Theorem 1.2 via a random algebraic construction.
Probabilistic construction
Before we prove our main result in Theorem 1.2, we review some related works in hypergraph Turán problems. Let H be an r-graph with v vertices and e edges. It was shown in [7] This lower bound is obtained by a standard probabilistic method.
An r-graph H is called strictly balanced if the r-density
is achieved uniquely by H ′ = H. Generalizing a result of Bohman and Keevash [4] for r = 2, it was shown in [3] that for any r 2,
holds for any strictly balanced r-graph H with v r + 1 and e 3. It was also shown in [26] that the above equality holds for any general r-graph H with v r + 1 and e 3 such that gcd(e − 1, er − v) = 1. Through the above analysis, we can obtain the following lower bound for ex(n, K (r) s,t ) as follows.
Lemma 2.1. Let s, t be positive integers and s > t 2, we have
Proof. It suffices to show that K (r) s,t is strictly balanced. We find that if t 2, then (r − 1)
where
s,t and |V (H ′ )| = s + (r − 1)t − h. The proof is finished.
Random algebraic construction
As far as we know, usually there are two types of constructions as follows:
1. Randomized constructions with alternations, which are quite general and easy to apply, but usually do not give tight bounds.
2. Algebraic constructions, which give tight bounds but appear to be somewhat magical and only work in certain special situations.
Recently, there is an interesting idea of Bukh [8] called "random algebraic construction", which combines these two approaches. The idea is to construct a graph with vertex set V = F s q × F s q , just by choosing a random polynomial f ∈ F q [x 1 , x 2 , . . . , x s , y 1 , y 2 , . . . , y s ] (within a certain family, say with bounded degree) and letting (x, y) ∈ V be an edge if and only if f (x, y) = 0.
The method aims to combine the advantages of both the flexibility of randomized constructions and the rigidity of algebraic constructions. Several papers [16, 22] developed this method and generalized the idea to hypergraphs.
In order to apply the random algebraic method, our first task is to establish the relationship between polynomials and hypergraphs.
For given positive integers t, r with r 3 and an r-graph T with v vertices and e edges, throughout this section, we always denote d = (r − 1)t 2 − t + e + 1. Let q be a sufficiently large prime power, and F q be the finite field of order q.
Let
be the set of all symmetric polynomials of degree at most td in X i for every 1 i r. Then we choose a polynomial f from P uniformly at random and let G = G f be the associated r-graph. Now we need to introduce two important lemmas from [8] and [22] . The first lemma is the key insight of the random algebraic construction, which provides very non-smooth probability distributions. While the second lemma will help us calculate the probability in certain situations. < q and |U| td. If f is a random polynomial chosen from P, then
With the above tools in hand, we are ready to prove Theorem 1.2.
Proof of Theorem 1.2
We choose a polynomial f ∈ P uniformly at random and let G be the associated r-graph G f . Let n = q t be the number of vertices in G, where q is sufficiently large. Our goal is to show that G contains averagely many copies of T but very few copies of K (r) s,t , assuming s is sufficiently large. Then we can use the deletion method to obtain a subhypergraph G ′ which is K (r) s,t -free and yet G ′ still contains expected number of copies of T . Since T has v vertices and e edges, it is easy to check that v 2 < q, e 2 < q and e < t((r − 1)t 2 − t + e + 1) = td. Then by Lemma 2.3, for given v vertices, the probability that such v vertices form a copy of T is equal to 1 q e . Denote X as the number of copies of T in G, then the expectation
Let R be a fixed labeled copy of K For given P ∈ K, denote N d (P ) as the total number of all possible ordered collections of d copies of R ∈ W , which could appear in G as a copy of P . It is easy to see that N d (P ) = O(n |P |−t(r−1) ). Since the number of edges e(P ) = t(|P | − t(r − 1)) of P is at most td and q is sufficiently large, by Lemma 2.3, the probability that a potential copy P appears in G is q −e(P ) . Through the above analysis, we have
Note that W consists of vertices x ∈ F t q satisfying the system of t equations f (w , where the value of c depends on t and d. With the Markov's inequality, we obtain that
A sequence of vertices w i j for 1 j t and i ∈ [r − 1] is called bad, if the corresponding set W satisfies |W | c. Let B be the number of bad sequences in G, it follows that
Now we remove a vertex from each bad sequence to obtain a new hypergraph G ′ , clearly G ′ does not contain any bad sequences, so
s,t -free for s c. Note that each vertex is in at most O(n v−1 ) copies of T in G, so the total number of copies of T removed is at most O(n v−1 ) · B. Hence the expected number of the remaining copies of T in G ′ is at least
It's easy to check that the number of remaining vertices is n − O(n 1− e+1 t ) = n − o(n). Therefore, for any s c, there exists a K 
Upper bound for K (r) s,t -free r-graphs
The result in Theorem 1.2 is intended to motivate our investigation of the matched upper bounds for some r-graphs T . In this section, we will present matched upper bounds for ex(n, K Before we prove Theorem 1.3, we need the following useful lemma of Erdős and Kleitman [12] . Lemma 3.1. ([12] ) Let G be an r-graph on rn vertices. Then G contains an r-partite subhypergraph G ′ , with all parts of size n, and e(G ′ ) r! r r e(G).
We write z(n, K (r) s,t ) for the maximum number of edges in an r-partite K (r) s,t -free r-graph in which all parts have size n. By Lemma 3.1, it suffices to prove that z(n, K a 1 , a 2 , . . . , a r−2 ), a i ∈ A i , (a 1 , a 2 , . . . , a r−1 , b) ∈ E(H i )}.
Then by the choice of c ′ s,t , we conclude that G i contains a copy of K s,t with s vertices in B and t vertices in A r−1 , which extends via M i to a K (r) s,t in H. The proof is finished.
Upper bound for ex
We now complete the proof of Theorem 1.5 by proving the following lemma.
Lemma 3.2. If b < t < s and a < s, then we have
s,t -free r-graph with n vertices. For each subset A = {v 1 , v 2 , . . . , v a } ⊆ G, let N A be the following set
It is easy to see the number of K
We need some basic facts in the above estimation. The first is that for any 0 < p q, 4 ex(n, K
Let H be an r-graph with v vertices and e > 0 edges. An application of the probabilistic deletion method yields ex(n, H) > cn α , where
and c is independent of n [7] . This yields ex(n, K
2,2,7 ) = Ω(n 73 27 ). In this section, we improve the exponent 73 27 to 19 7 by proving Theorem 1.6. Our construction is a variation of norm hypergraphs, thus the construction is explicit. As a preparation, we need the following result, which can be found in [20] .
We also need the following lemma. ⌋. Let
Proof. It is easy to see that |S 1 + S 2 | = l 2 . For any x ∈ Z m , if x = i + j(k + 1), where 0 i, j l − 1. Then x = (i + j) + jk, there is at most one solution for i, j. Hence |S 1 + S 3 | = l 2 . Similarly, we have |S 2 + S 3 | = l 2 .
Proof of Theorem 1.6. Let q be an odd prime power,
Let g be a primitive element of F q , and B i = {g j : j ∈ S i } for 1 i r. Let G be an r-graph with parts
Clearly G has n := 3lq 3 = , 7] . This also implies that the system of equations 19 7 can be improved, hence we made no attempt to optimize the leading coefficient 1 27 in the proof above.
Concluding remarks
In this paper, we have studied some cases in hypergraph Turán problems. The first is the hypergraph extension of the bipartite Turán problem. The authors in [25] introduced this problem and gave some general bounds and constructions. They also presented a conjecture for 3-graphs. Here we generalize their conjecture for r 3. Though we still can not verify this conjecture, there are several evidences that support this conjecture. For example, Ergemlidze, Jiang and Methuku [15] showed that ex(n, K [25] the authors remarked that their results can apply for both t s and s > t, hence for simplicity they let t s. However, when s is sufficiently larger than t, to our surprise, we obtain the matched lower bounds for ex(n, K (r) s,t ) via random algebraic construction. We also obtain the lower bounds for generalized Turán number ex(n, T , K (r) s,t ), and we show the matched upper bounds when T is an edge or a complete bipartite r-graph K (r) a,b with b < t < s, a < s. We are interested in finding more examples reaching the lower bounds.
The next most interesting case along this line may be to count the number of complete r-graphs in K Here we have used the means inequality to obtain the first inequality. If the number of copies of K
